
kX9 aQHpBM; bvbi2Kb Q7 HBM2�` 2[m�iBQMbX

yX �bbmK2/ #�+F;`QmM/X

Ç kXR avbi2Kb Q7 HBM2�` 2[m�iBQMbX
Ç kXk _Qr@2+?2HQM 7Q`Kb �M/ `2/m+2/ `Qr@2+?2HQM 7Q`KbX
Ç kXj 1tBbi2M+2 Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K `Qr@2[mBp�H2Mi iQ ;Bp2M K�i`Bt- U�M/ i?2 mMB[m2M2bb [m2biBQMVX

S`272``2/ iQ ?�p2 #22M T`2T�`2/ rBi?X

Ç RX8 GBM2�` +QK#BM�iBQMbX
Ç RXe GBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2X

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç ?Qr iQ bvbi2K�iB+�HHv /2i2`KBM2- i?`Qm;? i?2 mb2 Q7 `Qr@2[mBp�H2M+2 �M/ `Qr@2+?2HQM 7Q`Kb- r?2i?2` � ;Bp2M
bvbi2K Q7 HBM2�` 2[m�iBQMb Bb +QMbBbi2Mi Q` BM+QMbBbi2Mi- �M/ r?2i?2` i?2 bvbi2K ?�b irQ Q` KQ`2 bQHmiBQMb r?2M
Bi Bb +QMbBbi2Mi-

Ç ?Qr iQ 7mHHv /2b+`B#2- i?`Qm;? i?2 mb2 Q7 `2/m+2/ `Qr@2+?2HQM 7Q`Kb- �HH bQHmiBQMb Q7 � +QMbBbi2Mi bvbi2K Q7
HBM2�` 2[m�iBQMbX

RX q?2M2p2` r2 �`2 ;Bp2M �M 2[m�iBQM UQ7 �Mv FBM/V- r2 �`2 BMi2`2bi2/ BM i?2 i?`22 [m2biBQMb,ě

URV >Qr iQ /2i2`KBM2 r?2i?2` i?2 2[m�iBQM ?�b �Mv bQHmiBQM UrBi? Q` rBi?Qmi r`BiBM; /QrM � bQHmiBQM Q7 i?2 bvbi2K
2tTHB+BiHvV- Q` �Mv bQHmiBQM #2vQM/ i?2 ǵQ#pBQmbǶ QM2b\

UkV >Qr iQ r`Bi2 /QrM QM2 bQHmiBQM Q7 i?2 i?2 2[m�iBQM\
UjV >Qr iQ /2b+`B#2 7mHHv �M/ bvbi2K�iB+�HHv �HH bQHmiBQMb Q7 i?2 2[m�iBQM\

q?2M i?2 2[m�iBQM Bb � bvbi2K Q7 HBM2�` 2[m�iBQMb- r2 +�M �Mbr2` i?2b2 [m2biBQMb +QKT`2?2MbBp2HvX
�i i?2 ?2�`i Q7 i?2 �Mbr2`b iQ i?2b2 [m2biBQMb Bb h?2Q`2K URV- r?B+? Bb � i?2Q`2iB+�H `2bmHi �#Qmi `Qr@2[mBp�H2Mi
K�i`B+2bX

kX h?2Q`2K URVX
G2i A,A′ #2 (m× n)@K�i`B+2b- �M/ b,b′ #2 +QHmKM p2+iQ`b rBi? m 2Mi`B2bX
amTTQb2 A,b �M/ A′,b′ �`2 `Qr@2[mBp�H2Mi mM/2` i?2 b�K2 b2[m2M+2 Q7 `Qr QT2`�iBQMbX
amTTQb2 t Bb � +QHmKM p2+iQ` rBi? n 2Mi`B2bX
h?2M t Bb � bQHmiBQM Q7 LS(A, b) B7 �M/ QMHv B7 t Bb � bQHmiBQM Q7 LS(A′, b′)X
_2K�`F QM i2`KBMQHQ;vX AM b2i H�M;m�;2- i?2 +QM+HmbBQM Q7 h?2Q`2K URV +�M #2 T`2b2Mi2/ �b,ě

Ç ǵh?2 bQHmiBQM b2i Q7 LS(A, b) Bb 2[m�H iQ i?2 bQHmiBQM b2i Q7 LS(A′, b′)XǶ

jX S`QQ7 Q7 h?2Q`2K URVX
G2i A,A′ #2 (m× n)@K�i`B+2b- �M/ b,b′ #2 +QHmKM p2+iQ`b rBi? m 2Mi`B2bX
amTTQb2 A,b �`2 `2bT2+iBp2Hv `Qr@2[mBp�H2Mi iQ A′,b′ mM/2` i?2 b�K2 b2[m2M+2 Q7 `Qr QT2`�iBQMb- b�v-

A
ρ1−−−−−→ ρ2−−−−−→ · · · · · · · · · ρk−−−−−→ A′, b

ρ1−−−−−→ ρ2−−−−−→ · · · · · · · · · ρk−−−−−→ b′.

Ç S`2T�`�iBQMX
h?2 `Qr QT2`�iBQMb ρ1, ρ2, · · · , ρk +Q``2bTQM/ iQ `Qr@QT2`�iBQM K�i`B+2b M [ρ1],M [ρ2], · · · ,M [ρk] `2bT2+iBp2Hv-
�M/ i?2 2[m�HBiB2b

A′ = M [ρk] · · ·M [ρ2]M [ρ1]A, b′ = M [ρk] · · ·M [ρ2]M [ρ1]b

?QH/X
6Q` 2�+? "- /2MQi2 #v ρ̃" i?2 ǵ`2p2`b2 `Qr QT2`�iBQMǶ 7Q` ρ"X
ρ̃ +Q``2bTQM/b iQ i?2 `Qr@QT2`�iBQM K�i`Bt M [ρ̃]- �M/ i?2 2[m�HBiv M [ρ̃]M [ρ] = Ip ?QH/bX
h?2M i?2 2[m�HBiB2b

A = M [ρ̃1]M [ρ̃2] · · ·M [ρ̃k]A
′, b = M [ρ̃1]M [ρ̃2] · · ·M [ρ̃k]b

′

?QH/X

amTTQb2 t Bb � +QHmKM p2+iQ` rBi? n 2Mi`B2bX
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U�V amTTQb2 t Bb � bQHmiBQM Q7 LS(A, b)X h?2M #v /2}MBiBQM- r2 ?�p2 At = bX
h?2`27Q`2 A′t = M [ρk] · · ·M [ρ2]M [ρ1]At = M [ρk] · · ·M [ρ2]M [ρ1]b = b′X
>2M+2 t Bb � bQHmiBQM Q7 LS(A, b)X

U#V amTTQb2 t Bb � bQHmiBQM Q7 LS(A′, b′)X h?2M A′t = b′X
q2 ?�p2 At = M [ρ̃1]M [ρ̃2] · · ·M [ρ̃k]A′t = M [ρ̃1]M [ρ̃2] · · ·M [ρ̃k]b′ = bX
>2M+2 t Bb � bQHmiBQM Q7 LS(A′, b′)X

9X *QKK2Mib QM i?2 BKTHB+�iBQM Q7 h?2Q`2K URV- BM i?2 +QMi2ti Q7 bQHpBM; bvbi2Kb Q7 HBM2�` 2[m�iBQMbX
�++Q`/BM; iQ h?2Q`2K URV- iQ bQHp2 �Mv ;Bp2M bvbi2K Q7 HBM2�` 2[m�iBQMb LS(A, b)- Bi bm{+2b 7Q` mb iQ HQQF 7Q` bQK2
�TT`QT`B�i2 bvbi2K LS(A′, b′) 7Q` r?B+? Bi ?�TT2Mb i?�i,ě

Ç i?2 `2bT2+iBp2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQMb

[ A b ], [ A′ b′ ]

Q7 i?2 irQ bvbi2Kb �`2 `Qr@2[mBp�H2Mi iQ 2�+? Qi?2`- UbQ i?�i A,b �`2 `2bT2+iBp2Hv `Qr@2[mBp�H2Mi iQ A′,b′

mM/2` i?2 b�K2 b2[m2M+2 Q7 `Qr QT2`�iBQMbV-
Ç Bi Bb 2�bv iQ `2�/ Qz 7`QK i?2 bvbi2K LS(A′, b′) i?2 �Mbr2` iQ i?2 [m2biBQM r?2i?2` i?2 bvbi2K Bb +QMbBbi2Mi-

�M/
Ç Ur?2`2 i?2 bvbi2K Bb +QMbBbi2Mi-V Bi Bb 2�bv iQ `2�/ Qz �HH bQHmiBQMb Q7 i?2 bvbi2K LS(A′, b′)- �M/ iQ ;Bp2 � 7mHH

�M/ bvbi2K�iB+ /2b+`BTiBQM Q7 i?2 bQHmiBQMbX

Zm2biBQMX "mi r?�i FBM/ Q7 A′,b′ b?�HH r2 +?QQb2\
�Mbr2`X q2 ?�p2 H2�`Mi �#Qmi `2/m+2/ `Qr@2+?2HQM 7Q`Kb- �M/ r2 FMQr i?�i,ě

Ç Bi Bb 2�bv iQ ?�M/H2 � bvbi2K Q7 HBM2�` 2[m�iBQMb r?2M Bib �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Bb � `2/m+2/ `Qr@
2+?2HQM 7Q`K- �M/

Ç 2p2`v K�i`Bt Bb `Qr@2[mBp�H2Mi iQ bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K- r?B+? +�M #2 Q#i�BM2/ K2i?Q/B+�HHv- b�v-
rBi? �M �TTHB+�iBQM Q7 :�mbbB�M 2HBKBM�iBQMX

6Q` i?Bb `2�bQM- Bi Bb p2`v Q7i2M +QMp2MB2Mi iQ +?QQb2 A′,b′ BM bm+? � r�v i?�i [ A′ b′ ] Bb � `2/m+2/ `Qr 2+?2HQM
7Q`KX
Uh?�i b�B/- Bi Bb MQi �M �#bQHmi2 M2+2bbBiv iQ /Q bQ �HH i?2 iBK2XV
uQm ?�p2 BM 7�+i rQ`F2/ BM i?Bb bTB`Bi r?2M ǵbQHpBM; bBKmHi�M2Qmb HBM2�` 2[m�iBQMbǶ BM b+?QQH K�i?b /2bTBi2 FMQrBM;
HBiiH2 Q7 i?2 i2`KBMQHQ;B2b ?2`2X
"2HQr Bb �M BHHmbi`�iBQM 7`QK b+?QQH K�i?bX

8X AHHmbi`�iBQMX
aQHp2 i?2 bBKmHi�M2Qmb 2[m�iBQMb

(S) :

{
x1 + 3x2 = 3

2x1 − x2 = 4

U�V q?�i r2 rQmH/ /Q BM b+?QQH K�i?b iQ ?�M/H2 i?Bb T`Q#H2K rQmH/ #2 iQ T`2b2Mi bm+? � +?�BM Q7 K�MBTmH�iBQMb,ě

(S1)

{
2x1 + 3x2 = 3 ěĜ (1)
x1 − x2 = 4 ěĜ (2)

ǵ�//BM; U−2 iBK2b 1[m�iBQM (2)V iQ 1[m�iBQM (2)Ƕ, (S2)

{
5x2 = −5 ěĜ (3)

x1 − x2 = 4 ěĜ (2)

ǵJmHiBTHvBM; 1/5 iQ 1[m�iBQM (3)Ƕ, (S3)

{
x2 = −1 ěĜ (4)

x1 − x2 = 4 ěĜ (2)

ǵ�//BM; 1[m�iBQM (4) iQ 1[m�iBQM (2)Ƕ, (S4)

{
x2 = −1 ěĜ (4)

x1 = 3 ěĜ (5)

ǵar�TTBM; 1[m�iBQM (4) �M/ 1[m�iBQM (5)Ƕ, (S′)

{
x1 = 3 ěĜ (5)

x2 = −1 ěĜ (4)

�M/ i?2M r2 +QM+Hm/2 i?�i,ě
Ç � bQHmiBQM Q7 (S) Bb ;Bp2M #v ǵx1 = 3 �M/ x2 = −1Ƕ- �M/ Bi Bb i?2 QMHv bQHmiBQM Q7 (S)X
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U#V h`�MbH�i2/ BM i2`Kb Q7 K�i`B+2b �M/ p2+iQ`b- �M/ 7m`i?2` T`2b2Mi2/ BM i2`Kb Q7 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQMb
Q7 p�`BQmb bvbi2Kb- r?�i r2 ?�p2 �+im�HHv /QM2 #v r`BiBM; /QrM i?Bb +?�BM Q7 K�MBTmH�iBQMb Bb MQi?BM; #mi
T`2b2MiBM; i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr- bi�`iBM; rBi? i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM C Q7 (S)
�M/ 2M/BMB; �i bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K C ′,ě

C=
[
2 3 3
1 −1 4

]
−2R2+R1−−−−−−→

[
0 5 −1
1 −1 4

] − 1
5R2−−−−→

[
0 1 −1
1 −1 4

]
1R1+R2−−−−−→

[
0 1 −1
1 0 3

]
R1↔R2−−−−−→C ′=

[
1 0 3
0 1 −1

]

Ua22M BM i?Bb r�v- i?2 bvK#QHb ǵx1Ƕ- ǵx2Ƕ- ǵ+Ƕ- ǵ=Ƕ BM i?2 +?�BM Q7 K�MBTmH�iBQMb �`2 Dmbi #QQF@F22TBM; /2pB+2b
7Q` F22TBM; i`�+F Q7 i?2 ǵ;Bp2MbǶ BM i?2 p�`BQmb bvbi2Kb T`2b2Mi2/ BM i?2 +?�BM Q7 K�MBTmH�iBQMXV
h?2M r2 `2�bQM,ě

Ç h?2Q`2K URV b�vb i?�i,ě
t Bb � bQHmiBQM Q7 i?2 bvbi2K (S)- r?Qb2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Bb C-

B7 �M/ QMHv B7
t Bb � bQHmiBQM Q7 i?2 bvbi2K (S′)- r?Qb2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Bb C ′X

aBM+2
[

3
−1

]
Bb i?2 QMHv bQHmiBQM Q7 (S′)- Bi Bb i?2 QMHv bQHmiBQM Q7 (S)X

eX *QmTH2/ rBi? r?�i r2 ?�p2 H2�`Mi �#Qmi `Qr@2+?2HQM 7Q`Kb �M/ `2/m+2/ `Qr@2+?2HQM 7Q`Kb- h?2Q`2K URV ;Bp2b
h?2Q`2K UkV �M/ h?2Q`2K UjVX
h?2Q`2K UkVX
G2i A #2 �M (m× n)@K�i`Bt- �M/ b #2 � +QHmKM p2+iQ` rBi? m 2Mi`B2bX
amTTQb2 C = [ A b ]- r?B+? Bb i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Q7 LS(A, b)X
6m`i?2` bmTTQb2 C# Bb � `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ CX
q`Bi2 C# =

[
A# b#

]
- BM r?B+? A# bi�M/b 7Q` i?2 (m×n)@K�i`Bt ;Bp2M #v i?2 }`bi n +QHmKMb Q7 C#- �M/ b# bi�M/b

7Q` i?2 H�bi +QHmKM Q7 C#X
h?2M A# Bb � `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ AX
JQ`2Qp2`- i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

U�V h?2 bvbi2K LS(A, b) Bb +QMbBbi2MiX
U#V i?2 H�bi +QHmKM Q7 C# Bb � 7`22 +QHmKMX
U+V h?2 `�MF Q7 A# Bb 2[m�H iQ i?2 `�MF Q7 C#X

h?2Q`2K UjVX
G2i A #2 �M (m× n)@K�i`Bt- �M/ b #2 � +QHmKM p2+iQ` rBi? m 2Mi`B2bX
amTTQb2 C = [ A b ]- r?B+? Bb i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Q7 LS(A, b)X
6m`i?2` bmTTQb2 C# Bb � `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ CX
q`Bi2 C# =

[
A# b#

]
- BM r?B+? A# bi�M/b 7Q` i?2 (m×n)@K�i`Bt ;Bp2M #v i?2 }`bi n +QHmKMb Q7 C#- �M/ b# bi�M/b

7Q` i?2 H�bi +QHmKM Q7 C#X
amTTQb2 LS(A, b) Bb +QMbBbi2MiX UaQ i?2 H�bi +QHmKM Q7 C# Bb � 7`22 +QHmKM- �M/ i?2 `�MF Q7 A# Bb 2[m�H iQ i?2 `�MF
Q7 C#XV

U�V .2MQi2 i?2 `�MF Q7 C# #v rX h?2M r ≤ nX
JQ`2Qp2`- i?2`2 �`2 irQ �Hi2`M�iBp2b,ě

Ç U*�b2 RXV amTTQb2 r = nX h?2M LS(A, b) ?�b � mMB[m2 bQHmiBQMX
Ç U*�b2 kXV amTTQb2 r < nX h?2M LS(A, b) ?�b irQ Q` KQ`2 bQHmiBQMbX

U#V 6m`i?2` bmTTQb2 i?2 TBpQi +QHmKMb Q7 C# �`2- 7`QK H27i iQ `B;?i- i?2 d1@i?- d2@i?- XXX- dr@i? +QHmKMb Q7 C#- rBi?
d1 = 1X
h?2M i?2`2 Bb bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ Q7 `�MF r- r?Qb2 TBpQi +QHmKMb- 7`QK H27i iQ `B;?i- �`2 i?2
d1@i?- d2@i?- XXX- dr@i? +QHmKMb Q7 C ′- bm+? i?�i C ′ Bb `Qr@2[mBp�H2Mi iQ CX

U+V q`Bi2 C ′ = [ A′ b′ ]- BM r?B+?,
Ç A′ bi�M/b 7Q` i?2 (m× n)@K�i`Bt ;Bp2M #v i?2 }`bi n +QHmKMb Q7 C ′- �M/
Ç b′ bi�M/b 7Q` i?2 H�bi +QHmKM Q7 C ′X

h?2M,ě
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Ç A′ Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K Q7 `�MF r r?B+? Bb `Qr@2[mBp�H2Mi iQ A#- �M/
Ç i?2 TBpQi +QHmKMb Q7 A′ �`2- 7`QK H27i iQ `B;?i- i?2 d1@i?- d2@i?- XXX- dr@i? +QHmKMb Q7 A′X

U/V .2MQi2 i?2 iQT r 2Mi`B2b Q7 b′- r?B+? Bb i?2 H�bi +QHmKM Q7 C ′- #v β1,β2, · · · ,βr- 7`QK i?2 iQT /QrMr�`/bX
.2MQi2 #v p i?2 +QHmKM p2+iQ`b rBi? n 2Mi`B2b- BM r?B+?,ě

Ç i?2 d1@i?- d2@i?- XXX- dr@i? 2Mi`B2b �`2 β1,β2, · · · ,βr `2bT2+iBp2Hv- �M/
Ç �HH Qi?2` 2Mi`B2b �`2 0X

h?2M p Bb � UT�`iB+mH�`V bQHmiBQM Q7 LS((, A) , b)X
U2V amTTQb2 r = nX

UaQ i?2`2 Bb MQ 7`22 +QHmKM BM C ′ Qi?2` i?�M i?2 H�bi +QHmKM Q7 C ′XV
h?2M p Bb i?2 QM2 �M/ QMHv QM2 bQHmiBQM Q7 LS(A, b)X

U7V amTTQb2 r < n UBMbi2�/ Q7 bmTTQbBM; ǵr = nǶVX
LQr 7m`i?2` bmTTQb2 i?2 7`22 +QHmKMb Q7 C ′- 7`QK H27i iQ `B;?i- �`2 f1@i?- f2@i?- XXX- fn−r@i?- fn+1−r@i? +QHmKMbX
6Q` 2�+? " = 1, 2, · · · , n − r- /2MQi2 i?2 iQT r 2Mi`B2b Q7 i?2 f"@i? +QHmKM Q7 C ′ #v α1",α2", · · · ,αr"- 7`QK i?2
iQT /QrMr�`/bX
6m`i?2` /2MQi2 #v q" i?2 +QHmKM p2+iQ` rBi? n 2Mi`B2b- BM r?B+?,ě

Ç i?2 d1@i?- d2@i?- XXX- dr@i? 2Mi`B2b �`2 −α1",−α2", · · · ,−αr"-
Ç i?2 f"@i? 2Mi`v Bb 1- �M/
Ç �HH Qi?2` 2Mi`B2b �`2 0X

h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě
BX h?2 +QHmKM p2+iQ`b q1,q2, · · · ,qn−r �`2 HBM2�`Hv BM/2T2M/2MiX
BBX amTTQb2 t Bb � +QHmKM p2+iQ` rBi? n 2Mi`B2bX

h?2M t Bb � bQHmiBQM Q7 LS(A, b) B7 �M/ QMHv B7
i?2`2 �`2 bQK2 MmK#2`b u1, u2, · · · , un−r bm+? i?�i t = p+ u1q1 + u2q2 + · · ·+ un−rqn−rX

dX 1t�KTH2 URVX U>Qr iQ bQHp2 � bvbi2K Q7 HBM2�` 2[m�iBQMb- i?`Qm;? }M/BM; � `2/m+2/ `Qr@2+?2HQM
7Q`K- �b bm;;2bi2/ #v h?2Q`2K UkV �M/ h?2Q`2K UjVXV

U�V q2 bQHp2 i?2 bvbi2K Q7 HBM2�` 2[m�iBQMb LS(A, b)- BM r?B+? A,b �`2 ;Bp2M #v

A =




1 −1 2 −7
3 −2 6 −18
−4 3 −7 23
1 2 0 7



, b =




−23
−55
73
33



.

h?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM C Q7 LS(A, b) Bb ;Bp2M #v

C =




1 −1 2 −7 −23
3 −2 6 −18 −55
−4 3 −7 23 73
1 2 0 7 33



.

q2 Q#i�BM � `Qr@2+?2HQM 7Q`K C# �M/ � `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? �`2 `Qr@2[mBp�H2Mi iQ C- i?`Qm;?
i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr,

C
−3R1+R2−−−−−−→ 4R1+R3−−−−−→ −1R1+R4−−−−−−→ 1R2+R3−−−−−→ −3R2+R4−−−−−−→ 2R3+R4−−−−−→ C# 1R2+R1−−−−−→ −2R3+R1−−−−−−→ −3R4+R2−−−−−−→ 2R4+R3−−−−−→ C ′

LQi2 i?�i C ′ =




1 0 0 0 1
0 1 0 0 2
0 0 1 0 3
0 0 0 1 4



- �M/ Bi Bb i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM 7Q` i?2 bvbi2K LS(A′, b′)-

BM r?B+?

A′ =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



, b′ =




1
2
3
4





ULQi2 i?�i LS(A′, b′) `2�/b





x1 = 1
x2 = 2

x3 = 3
x4 = 4

r?2M Bi Bb r`Bii2M Qmi 2tTHB+BiHvXV
Ai 7QHHQrb i?�i,ě
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i?2 QM2 �M/ QMHv QM2 bQHmiBQM Q7 LS(A, b) Bb




1
2
3
4



X

U#V q2 bQHp2 i?2 bvbi2K Q7 HBM2�` 2[m�iBQMb LS(A, b)- BM r?B+? A,b �`2 ;Bp2M #v

A =




1 3 −2 3 21
2 6 −3 5 38
1 3 −4 6 33
−2 −6 3 −6 −42



, b =




0
0
0
1



.

h?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM C Q7 LS(A, b) Bb ;Bp2M #v

C =




1 3 −2 3 21 0
2 6 −3 5 38 0
1 3 −4 6 33 0
−2 −6 3 −6 −42 1



.

q2 Q#i�BM � `Qr@2+?2HQM 7Q`K C# r?B+? Bb `Qr@2[mBp�H2Mi iQ C- i?`Qm;? i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr,

C
−2R1+R2−−−−−−→ −1R1+R3−−−−−−→ 2R1+R4−−−−−→ 2R2+R3−−−−−→ 1R2+R4−−−−−→ 1R3+R4−−−−−→ C#

LQi2 i?�i C# =




1 3 −2 3 21 0
0 0 1 −1 −4 0
0 0 0 1 4 0
0 0 0 0 0 1



- �M/ Bi Bb i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM 7Q` i?2 bvbi2K

LS
(
A#, b#

)
- BM r?B+?

A# =




1 3 −2 3 21
0 0 1 −1 −4
0 0 0 1 4
0 0 0 0 0



, b# =




0
0
0
1





ULQi2 i?�i LS
(
A#, b#

)
`2�/b






x1 + 3x2 − 2x3 + 3x4 + 21x5 = 0
x3 − x4 − 4x5 = 0

x4 + 4x5 = 0
0 = 1

r?2M Bi Bb r`Bii2M Qmi 2tTHB+BiHvXV
Ai 7QHHQrb i?�i,ě

LS(A, b) ?�b MQ bQHmiBQMX
U+V q2 bQHp2 i?2 bvbi2K Q7 HBM2�` 2[m�iBQMb LS(A, b)- BM r?B+? A,b �`2 ;Bp2M #v

A =




1 3 1 −2 1
1 3 2 −3 −3
2 6 1 −2 10
−1 −3 −3 1 −5



, b =




−3
−4
−3
−1



.

h?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM C Q7 LS(A, b) Bb ;Bp2M #v

C =




1 3 1 −2 1 −3
1 3 2 −3 −3 −4
2 6 1 −2 10 −3
−1 −3 −3 1 −5 −1



.

q2 Q#i�BM � `Qr@2+?2HQM 7Q`K C# �M/ � `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? �`2 `Qr@2[mBp�H2Mi iQ C- i?`Qm;?
i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr,

C
−1R1+R2−−−−−−→ −2R1+R3−−−−−−→ 1R1+R4−−−−−→ 1R2+R3−−−−−→ 2R2+R4−−−−−→ 3R3+R4−−−−−→C# −1R2+R1−−−−−−→ 1R3+R1−−−−−→ 1R3+R2−−−−−→C ′

LQi2 i?�i C ′ =




1 3 0 0 9 0
0 0 1 0 0 1
0 0 0 1 4 2
0 0 0 0 0 0



- �M/ Bi Bb i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM 7Q` i?2 bvbi2K LS(A′, b′)-

BM r?B+?

A′ =




1 3 0 0 9
0 0 1 0 0
0 0 0 1 4
0 0 0 0 0



, b′ =




0
1
2
0
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ULQi2 i?�i LS(A′, b′) `2�/b





x1 + 3x2 + 9x5 = 0
x3 = 1

x4 + 4x5 = 2
0 = 0

,

Q` 2[mBp�H2MiHv- 




x1 = −3x2 −9x5

x3 = 1
x4 = 2 −4x5

r?2M Bi Bb r`Bii2M Qmi 2tTHB+BiHvXV
Ai 7QHHQrb i?�i � 7mHH /2b+`BTiBQM Q7 �HH bQHmiBQMb Q7 LS(A, b) Bb ;Bp2M #v,ě

Ç t Bb � bQHmiBQM Q7 LS(A, b) B7 �M/ QMHv B7

i?2`2 �`2 bQK2 MmK#2`b u, v bm+? i?�i t =





0
0
1
2
0



+ u





−3
1
0
0
0



+ v





−9
0
0
−4
1



X

U/V q2 bQHp2 i?2 bvbi2K Q7 HBM2�` 2[m�iBQMb LS(A, b)- BM r?B+? A,b �`2 ;Bp2M #v

A =




0 0 2 3 5 −7
−1 2 1 −1 0 −2
2 −4 −1 3 2 1
3 −6 −1 5 4 0



, b =




12
0
5
10



.

h?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM C Q7 LS(A, b) Bb ;Bp2M #v

C =




0 0 2 3 5 −7 12
−1 2 1 −1 0 −2 0
2 −4 −1 3 2 1 5
3 −6 −1 5 4 0 10



.

q2 Q#i�BM � `Qr@2+?2HQM 7Q`K C# �M/ � `2/m+2/ `Qr@2+?2HQM 7Q`K C ′ r?B+? �`2 `Qr@2[mBp�H2Mi iQ C- i?`Qm;?
i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr,

C
R1↔R2−−−−−→ −1R5−−−→ −2R1+R3−−−−−−→ −3R1+R4−−−−−−→ R2↔R3−−−−−→ −2R2+R3−−−−−−→ −2R2+R4−−−−−−→ C# 1R2+R1−−−−−→ −2R3+R1−−−−−−→ −1R3+R2−−−−−−→ C ′

LQi2 i?�i C ′ =




1 −2 0 0 0 1 1
0 0 1 0 1 −2 3
0 0 0 1 1 −1 2
0 0 0 0 0 0 0



- �M/ Bi Bb i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM 7Q` i?2 bvbi2K

LS(A′, b′)- BM r?B+?

A′ =




1 −2 0 0 0 1
0 0 1 0 1 −2
0 0 0 1 1 −1
0 0 0 0 0 0



, b′ =




1
3
2
0





ULQi2 i?�i LS(A′, b′) `2�/b





x1 − 2x2 + x6 = 1
x3 + x5 − 2x6 = 3

x4 + x5 − x6 = 2
0 = 0

,

Q` 2[mBp�H2MiHv- 




x1 = 1 +2x2 −x6

x3 = 3 −x5 +2x6

x4 = 2 −x5 +x6

r?2M Bi Bb r`Bii2M Qmi 2tTHB+BiHvXV
Ai 7QHHQrb i?�i � 7mHH /2b+`BTiBQM Q7 �HH bQHmiBQMb Q7 LS(A, b) Bb ;Bp2M #v,ě

Ç t Bb � bQHmiBQM Q7 LS(A, b) B7 �M/ QMHv B7

e

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User



i?2`2 �`2 bQK2 MmK#2`b u, v, w bm+? i?�i t =





1
0
3
2
0
0




+ u





2
1
0
0
0
0




+ v





0
0
−1
−1
1
0




+ w





−1
0
2
1
0
1




X

3X 1t�KTH2 UkVX U>Qr iQ bQHp2 � ?QKQ;2M2Qmb bvbi2K Q7 HBM2�` 2[m�iBQMb- i?`Qm;? }M/BM; � `2/m+2/
`Qr@2+?2HQM 7Q`K- �b bm;;2bi2/ #v h?2Q`2K UkV �M/ h?2Q`2K UjVXV
_2K2K#2`,ě

Ç 1p2`v ?QKQ;2M2Qmb bvbi2K Bb +QMbBbi2Mi- rBi? � i`BpB�H bQHmiBQM 0X Uh?2 [m2biBQM Bb r?2i?2` Bi ?�b �Mv MQM@
i`BpB�H bQHmiBQMXV

Ç amTTQb2 A,A′ �`2 `Qr@2[mBp�H2Mi (m×n)@K�i`B+2bX h?2M [ A 0m ], [ A′ 0m ] �`2 `Qr@2[mBp�H2MiX JQ`2Qp2`-
B7 A′ Bb � U`2/m+2/V `Qr@2+?2HQM 7Q`K- i?2M [ A′ 0m ] Bb � U`2/m+2/V `Qr@2+?2HQM 7Q`KX

U�V q2 r�Mi iQ bQHp2 i?2 ?QKQ;2M2Qmb bvbi2K Q7 HBM2�` 2[m�iBQMb LS(A, 05)- BM r?B+?

A =





1 2 −1 2 −2 −6 3 8
−2 −4 3 −5 6 28 −9 −18
1 2 −2 4 −4 −15 7 19
−3 −6 5 −6 11 73 −14 −5
−1 −2 2 −5 4 8 −7 −27



.

q2 Q#i�BM � `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? �`2 `Qr@2[mBp�H2Mi iQ A- i?`Qm;? i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb
#2HQr,

A
2R1+R2−−−−−→ −1R1+R3−−−−−−→ 3R1+R4−−−−−→ 1R1+R5−−−−−→ 1R2+R3−−−−−→ −2R2+R4−−−−−−→ −1R2+R5−−−−−−→ −2R3+R4−−−−−−→ 2R3+R5−−−−−→

1R2+R1−−−−−→ −1R3+R1−−−−−−→ 1R3+R2−−−−−→ −2R4+R2−−−−−−→ 1R5+R1−−−−−→ −1R5+R3−−−−−−→ 1R5+R4−−−−−→ A′

LQi2 i?�i A′ =





1 2 0 0 0 3 0 −2
0 0 1 0 0 5 0 −3
0 0 0 1 0 7 0 8
0 0 0 0 1 9 0 6
0 0 0 0 0 0 1 4



X

ULQi2 i?�i LS(A′, 05) `2�/b





x1 + 2x2 + 3x6 − 2x8 = 0
x3 + 5x6 − 3x8 = 0

x4 + 7x6 + 8x8 = 0
x5 + 9x6 + 6x8 = 0

x7 + 4x8 = 0

Q` 2[mBp�H2MiHv





x1 = −2x2 −3x6 +2x8

x3 = −5x6 +3x8

x4 = −7x6 −8x8

x5 = −9x6 −6x8

x7 = −4x8

r?2M Bi Bb r`Bii2M Qmi 2tTHB+BiHvXV
Ai 7QHHQrb i?�i � 7mHH /2b+`BTiBQM Q7 �HH bQHmiBQMb Q7 LS(A, 05) Bb ;Bp2M #v,ě

Ç t Bb � bQHmiBQM Q7 LS(A, 05) B7 �M/ QMHv B7

i?2`2 �`2 bQK2 MmK#2`b u, v, w bm+? i?�i t = u





−2
1
0
0
0
0
0
0




+ v





−3
0
−5
−7
−9
1
0
0




+ w





2
0
3
−8
−6
0
1
−4




X

U#V q2 r�Mi iQ bQHp2 i?2 ?QKQ;2M2Qmb bvbi2K Q7 HBM2�` 2[m�iBQMb LS(A, 05)- BM r?B+?

A =





1 2 −5 15
−1 −1 3 −9
3 4 −10 31
2 3 −8 25
1 3 −4 13



.
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q2 Q#i�BM � `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? �`2 `Qr@2[mBp�H2Mi iQ A- i?`Qm;? i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb
#2HQr,

A
1R1+R2−−−−−→ −3R1+R3−−−−−−→ −2R1+R4−−−−−−→ −1R1+R5−−−−−−→ 2R2+R3−−−−−→ 1R2+R4−−−−−→ −1R2+R5−−−−−−→ −3R3+R5−−−−−−→ 2R4+R5−−−−−→

−2R2+R1−−−−−−→ 1R3+R1−−−−−→ 2R3+R2−−−−−→ −1R4+R1−−−−−−→ −2R4+R2−−−−−−→ 2R4+R3−−−−−→ A′

LQi2 i?�i A′ =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0



X

ULQi2 i?�i LS(A′, 05) `2�/b





x1 = 0
x2 = 0

x3 = 0
x4 = 0

= 0

r?2M Bi Bb r`Bii2M Qmi 2tTHB+BiHvXV
Ai 7QHHQrb i?�i,ě

Ç i?2 QM2 �M/ QMHv QM2 bQHmiBQM Q7 LS(A, 05) Bb i?2 i`BpB�H bQHmiBQM 04X

NX q2 bi�i2 � `2bmHi r?B+? `2H�i2b i?2 MmK#2` Q7 `Qrb Q7 i?2 +Q2{+B2Mi K�i`Bt Q7 � +QMbBbi2Mi bvbi2K Q7 HBM2�` 2[m�iBQMb
�M/ i?2 `�MF Q7 � `Qr@2+?2HQM 7Q`K Q7 i?2 +Q2{+B2Mi K�i`BtX Ai Bb �M BKK2/B�i2 +QMb2[m2M+2 Q7 h?2Q`2K UkV �M/
h?2Q`2K UjVX
h?2Q`2K U9VX
amTTQb2 A Bb �M (m× n)@K�i`Bt- �M/ r Bb i?2 `�MF Q7 � `Qr@2+?2HQM 7Q`K A# r?B+? Bb `Qr@2[mBp�H2Mi iQ AX
h?2M i?2 bi�i2K2Mib #2HQr ?QH/,
U�V r ≤ m �M/ r ≤ nX
U#V amTTQb2 m < nX h?2M,ě

BX 6Q` �Mv +QHmKM p2+iQ` b rBi? m 2Mi`B2b- B7 i?2 bvbi2K LS(A, b) Bb +QMbBbi2Mi- i?2M LS(A, b) ?�b irQ Q`
KQ`2 bQHmiBQMbX

BBX A7 r = m- i?2M 7Q` �Mv +QHmKM p2+iQ` b rBi? m 2Mi`B2b- i?2 bvbi2K LS(A, b) Bb +QMbBbi2Mi �M/ ?�b irQ Q`
KQ`2 bQHmiBQMbX

BBBX h?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0m) ?�b � MQM@i`BpB�H bQHmiBQMX

_2K�`FX AM TH�BM rQ`/b U�#Qmi 2[m�iBQMbV- T�`i U#XBV i?2 +QM+HmbBQM +�M #2 2tT`2bb2/ �b,ě

ǵA7 i?2 MmK#2` Q7 UHBM2�`V 2[m�iBQMb BM � bvbi2K Q7 HBM2�` 2[m�iBQMb Bb H2bb i?�M i?2 MmK#2` Q7 mMFMQrMb- i?2M
2Bi?2` i?2`2 Bb MQ bQHmiBQM- Q` i?2`2 �`2 irQ Q` KQ`2 bQHmiBQMbXǶ

AM Q`/2` 7Q` � +QMbBbi2Mi bvbi2K Q7 HBM2�` 2[m�iBQMb iQ ?�p2 QM2 �M/ QMHv QM2 bQHmiBQM- Bi Bb M2+2bb�`v 7Q` i?2 MmK#2`
Q7 2[m�iBQMb iQ #2 �i H2�bi �b K�Mv �b i?2 MmK#2` Q7 mMFMQrMbX
h?Bb B/2� Bb � +Q`M2`biQM2 BM K�Mv �`2�b Q7 K�i?2K�iB+bX

RyX 1t�KTH2 UjVX Uǵ"�#v 2t�KTH2bǶ 7`QK b+?QQH K�i?b i?�i BHHmbi`�i2b h?2Q`2K U9VXV

U�V G2i A = [ 1 2 ]X LQi2 i?�i A Bb � `Qr@2+?2HQM 7Q`KX

6Q` 2�+? MmK#2` b- i?2 bvbi2K Q7 HBM2�` 2[m�iBQMb A
[
x1
x2

]
= [b]- r?B+? Bb i?2 2[m�iBQM x1+2x2 = b BM /Bb;mBb2-

?�b irQ Q` KQ`2 bQHmiBQMX

U#V G2i
[
1 2 3
2 4 6

]
X � `Qr@2+?2HQM 7Q`K A# r?B+? Bb `Qr@2[mBp�H2Mi iQ A Bb ;Bp2M #v A# =

[
1 2 3
0 0 0

]
X

6Q` �Mv MmK#2`b b1, b2- i?2 bvbi2K Q7 HBM2�` 2[m�iBQMb A

[
x1
x2
x3

]
=

[
b1
b2

]
2Bi?2` ?�b MQ bQHmiBQM- Q` ?�b irQ Q`

KQ`2 bQHmiBQMX
q?2M Bi Bb r`Bii2M Qmi 2tTHB+BiHv- i?2 bvbi2K `2�/b,ě

{
x1 + 2x2 + 3x3 = b1
2x1 + 4x2 + 6x3 = b2

Ai Bb � bvbi2K rBi? irQ 2[m�iBQMb �M/ i?`22 mMFMQrMbX
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Ç h?2 bvbi2K ?�b MQ bQHmiBQM B7 �M/ QMHv B7 b2 %= 2b1X
Ç h?2 bvbi2K ?�b irQ Q` KQ`2 bQHmiBQMb B7 �M/ QMHv B7 b2 = 2b1X

U+V G2i
[
1 1 1
0 1 1

]
X � `Qr@2+?2HQM 7Q`K A# r?B+? Bb `Qr@2[mBp�H2Mi iQ A Bb ;Bp2M #v A# =

[
1 0 0
0 1 1

]
X

6Q` �Mv MmK#2`b b1, b2- i?2 bvbi2K Q7 HBM2�` 2[m�iBQMb A

[
x1
x2
x3

]
=

[
b1
b2

]
2Bi?2` ?�b MQ bQHmiBQM- Q` ?�b irQ Q`

KQ`2 bQHmiBQMX
q?2M Bi Bb r`Bii2M Qmi 2tTHB+BiHv- i?2 bvbi2K `2�/b,ě

{
x1 + x2 + x3 = b1

x2 + x3 = b2

Ai Bb � bvbi2K rBi? irQ 2[m�iBQMb �M/ i?`22 mMFMQrMbX
h?2 bvbi2K Bb +QMbBbi2Mi �M/ ?�b BM}MBi2Hv K�Mv bQHmiBQMbX

RRX 1t�KTH2 U9VX UAHHmbi`�iBQMb QM h?2Q`2K U9VXV

U�V G2i A =




1 2 3 4 5
2 3 4 5 6
3 4 5 6 7
4 5 6 7 8



X

LQi2 i?�i � `Qr@2+?2HQM 7Q`K A# r?B+? Bb `Qr 2[mBp�H2Mi iQ A Bb ;Bp2M #v A# =




1 2 3 4 5
0 1 2 3 4
0 0 0 0 0
0 0 0 0 0



X

:Bp2M �Mv +QHmKM p2+iQ` b rBi? 4 2Mi`B2b- Bi rBHH ?�TT2M i?�i,ě
Ç 2Bi?2` LS(A, b) Bb BM+QMbBbi2Mi-
Ç Q` LS(A, b) Bb +QMbBbi2Mi �M/ ?�b irQ Q` KQ`2 bQHmiBQMbX

AM 7�+i,ě

Ç r?2M c =




0
0
1
0



- LS(A, c) Bb BM+QMbBbi2MiX

Ç LS(A, 04) Bb +QMbBbi2Mi �M/ ?�b irQ Q` KQ`2 bQHmiBQMbX

U#V G2i A =




1 1 1 1 1
1 2 3 4 5
1 4 9 16 25
1 8 27 64 125



X

LQi2 i?�i � `Qr@2+?2HQM 7Q`K A# r?B+? Bb `Qr 2[mBp�H2Mi iQ A Bb ;Bp2M #v A# =




1 1 1 1 1
0 1 2 3 4
0 0 1 3 6
0 0 0 1 4



X

:Bp2M �Mv +QHmKM p2+iQ` b rBi? 4 2Mi`B2b- Bi rBHH ?�TT2M i?�i LS(A, b) Bb +QMbBbi2Mi �M/ ?�b irQ Q` KQ`2
bQHmiBQMbX

N


